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Abstract. We construct cup products of two different kinds for Hopf-cyclic cohomology. When the
Hopf algebra reduces to the ground field our first cup product reduces to Connes’ cup product in or-
dinary cyclic cohomology. The second cup product generalizes Connes-Moscovici’s characteristic map
for actions of Hopf algebras on algebras.
Re´sume´. Cup-produits dans la cohomologie Hopf-cyclique Nous construisons deux types de cup-
produits pour la cohomologie Hopf-cyclique. Lorsque l’alge´bre de Hopf se re´duit au corps de base, notre
premier cup-produit se re´duit au cup-produit de Connes en cohomologie cyclique ordinaire. Le deuxie`me
cup-produit ge´ne´ralise l’application caracte´ristique de Connes-Moscovici pour l’action des alge`bres de Hopf
sur les alge`bres.
1 Introduction
Let H be a Hopf algebra, A an H-module algebra, B an H-comodule algebra and C an H-module
coalgebra. Let M be an stable anti-Yetter-Drinfeld module over H . We denote the Hopf-cyclic
cohomology ofA, B, and C with coefficients inM byHCnH(A,M), HC
n,H(B,M), andHCnH(C,M)
respectively. Our cup product of the first kind is a natural map
HC
p
H(A,M)⊗HC
q,H(B,M) −→ HCp+q(A⋊H B),
with values in the ordinary cyclic cohomology of the twisted tensor product algebra A ⋊H B. For
our cup product of the second kind we assume that the coalgebra C acts on the algebra A in a
suitable sense defined in Section 5. Then we construct a natural map
HC
p
H(C,M)⊗HC
q
H(A,M) −→ HC
p+q(A),
for all non-negative integers p and q. Our method of construction in both cases relies on generalizing
Connes’ technique in [2]: we realize Hopf-cyclic cocycles as characters of (H,M)-twisted cycles and
identify those cycles that represent a trivial cyclic cocycle.
2 Preliminaries
We denote the comultiplication, counit, and antipode of a Hopf algebra by ∆, ε, and S respectively.
The letter H will always denote a Hopf algebra over a ground field k of characteristic zero. We
use the Sweedler notation, with summation sign suppressed, to denote the comultiplication by
1
∆(h) = h(1)⊗h(2) and its higher iterations. IfM is a leftH-comodule we write ρ(m) = m(−1)⊗m(0),
where summation is understood, to denote its coaction ρ : M → H ⊗ M . Similarly if M is a
right H-comodule, we write ρ(m) = m(0) ⊗m(1) to denote its coaction ρ. A left-left stable anti-
Yetter-Drinfeld (SAYD) module is a left H-module and left H-comodule M such that ρ(hm) =
h(1)m(−1)S−1(h(3)) ⊗ h(2)m(0) and m(−1)m(0) = m for all h ∈ H and m ∈ M . These modules
were introduced in [8, 9] as the most general coefficients systems that one can introduce into Hopf
cyclic-cohomology. One dimensional SAYD modules correspond to Connes-Moscovici’s modular
pair in involution (δ, σ) on H [4, 5, 6] and will be denoted by M =σkδ.
An algebra A is called a left H-module algebra if it is a left H-module and its multiplication and
unit maps are morphisms of H-modules. An algebra B is called a left H-comodule algebra, if B is
a left H-comodule and its multiplication and unit maps are H-comodule maps. A left H-module
coalgebra is a coalgebra C which is a left H-module such that its comultiplication and counit maps
are H-linear.
We call the above three types of symmetries, symmetries of type A, B, and C, respectively.
For each type there is an associated Hopf-cyclic cohomology theory with coefficients in an SAYD
H-module M [8, 9]. We denote these theories by HCnH(A,M), HC
n,H(B,M), and HCnH(C,M)
respectively. Connes-Moscovici’s theory for Hopf algebras [4, 5] correspond to the case C = H
with multiplication action, and M =σkδ. The dual theory of [11] for Hopf algebras correspond
to B = H with comultiplication coaction and M =σkδ. The H-equivariant cyclic cohomology
of [1] correspond to HCnH(A,M) with M = H and conjugation action, and the twisted cyclic
cohomology with respect to an automorphism correspond to HCnH(A,M) with H = k[x, x
−1] and
M =1kε. HC
0
H(A,
σkδ) is the space of δ-invariant σ-traces on A in the sense of [5, 6].
3 Covariant differential calculi
By a differential graded (DG) left H-module algebra we mean a graded left H-module algebra
Ω = ⊕i≥0Ω
i endowed with a graded derivation d of degree 1 such that d2 = 0 and d is H-linear.
Let A be a left H-module algebra. Its universal differential calculus [2] (ΩA, d) is a DG H-module
algebra with the H-action
h · (a0da1 · · · dan) := h
(1)(a0)dh
(2)(a1) · · · dh
(n+1)(an).
By a DG H-module coalgebra we mean a graded H-module coalgebra Θ = ⊕i≥0Θi endowed
with a graded coderivation d of degree -1 such that d2 = 0 and d is H-colinear. Let C be a
left H-module coalgebra. Its universal differential calculus (ΩcC, d), defined in[10], is a left DG
H-module coalgebra under the H-action
h · (c0 ⊗ c1 · · · ⊗ cn) = h
(1)(c0)⊗ h
(2)(c1)⊗ · · · ⊗ h
(n+1)(cn).
By a DG left H-comodule algebra we mean a DG algebra (Γ, d) such that Γ is a graded left H-
comodule algebra and the derivation d is an H-comodule map. If B is a left H-comodule algebra,
its universal calculus (ΩB, d) is a DG left H-comodule algebra with the left H-coaction defined by
b0db1 · · · dbn 7→ (b
(−1)
0 · · · b
(−1)
n )⊗ b
(0)
0 db
(0)
1 · · · db
(0)
n .
Definition 3.1 Let Ω be a DG left H-module algebra and M be a left-left SAYD module. By a
closed graded (H,M)-trace of degree n on Ω we mean a linear map
∫
:M ⊗ Ωn → k such that for
2
all h ∈ H, m ∈M , and ω, ω1, ω2 in Ω of appropriate degrees, we have:∫
h(1)m⊗ h(2)ω = ε(h)
∫
m⊗ ω,
∫
m⊗ dω = 0,∫
m⊗ ω1ω2 = (−1)
deg(ω1)deg(ω2)
∫
m(0) ⊗ S−1(m(−1))(ω2)ω1.
Lemma 3.2 Let A be a left H-module algebra and ρ : A→ Ω0 be an H-linear algebra homomor-
phism. Then the cochain ϕ :M ⊗A⊗(n+1) → k,
ϕ(m, a0, · · · , an) =
∫
m⊗ ρ(a0)dρ(a1) · · · dρ(an),
is a cyclic cocycle in ZnH(A,M). The map
∫
7→ ϕ (for ρ = id) defines a 1-1 correspondence between
closed graded (H,M)-traces on ΩA and ZnH(A,M).
Definition 3.3 Let Γ be a DG left H-comodule algebra and M be a left-left SAYD module. By
a closed graded (H,M)-trace of degree n on Γ we mean a linear map
∫
: Γn → M such that
∫
is
H-colinear, and for all m, γ, γ1, γ2 of appropriate degrees
∫
m⊗ dγ = 0, and∫
γ1γ2 = (−1)
deg(γ1)deg(γ2)γ
(−1)
2 ·
∫
γ
(0)
2 γ1.
Lemma 3.4 Let B be a left H-comodule algebra and ρ : B → Γ0 an H-colinear algebra homomor-
phism. Then the cochain ϕ : B⊗(n+1) →M,
ϕ(b0, · · · , bn) =
∫
ρ(b0)dρ(b1) · · · dρ(bn),
is a cyclic cocycle in Zn,H(B,M). The map
∫
7→ ϕ (for ρ = id) defines a 1-1 correspondence
between closed graded (H,M)-traces on ΩA as in Definition 3.3 and Zn,H(B,M).
Definition 3.5 Let Θ be a DG left H-module coalgebra and M be a left-left SAYD H-module.
By an n- dimensional closed graded (H,M)-cotrace on Θ we mean an element x =
∑
imi ⊗ θi ∈
M ⊗H Θn such that (1⊗H d)x = 0, and∑
i
m
(0)
i ⊗ θ
(2)
i ⊗m
(−1)
i θ
(1)
i =
∑
i
(−1)deg(θ
(1))deg(θ(2))mi ⊗ θ
(1)
i ⊗ θ
(2)
i .
Lemma 3.6 Let C be a left H-module coalgebra and ρ : Θ0 → C be an H-linear coalgebra map.
Let ρ˜ :M ⊗H Θn →M ⊗H C
⊗(n+1) be the natural co-extension of ρ. Then
∫
x := ρ˜(x) is a cyclic
cocycle in ZnH(C,M). The map x 7→
∫
x (for ρ = id) defines a 1-1 correspondence between closed
graded (H,M)-cotraces of degree n on ΩcC and ZnH(C,M).
Extending the terminology of [2], we call the data (Ω, d,
∫
, H,M, ρ) an Ω-cycle over the algebra
A and the corresponding Hopf-cyclic cocycle its character. Similarly for Γ-cycles and Θ-cycles.
They correspond to symmetries of type A, B and C, respectively.
3.1 Vanishing Ω, Γ and Θ-cycles
Let B be a left H-comodule algebra and u ∈ B be an invertible H-coinvariant element in the sense
that ρ(u) = 1 ⊗ u. The inner automorphism Adu : B → B, Adu(b) = ubu
−1 is H-colinear and
hence induces a map Ad∗u : HC
n,H(B,M)→ HCn,H(B,M) for all n.
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Proposition 3.7 We have Ad∗u = id.
Proof. One checks that the homotopy operator κ defined by
κf(b0, · · · , bn−1) =
n∑
i=0
(−1)if(b0u
−1, · · · , ubiu
−1, u, bi+1, · · · , bn−1)
is H-colinear and is a contracting homotopy for Ad∗u − id on the Hopf-Hochschild complex. The
result now follows by applying Connes’ long exact sequence. 
The algebra of n × n matrices over B, Mn(B), is a left H-comodule algebra in a natural
way and the map i : B → Mn(B), b 7→ b ⊗ e11, is H-colinear and hence induces a map i
∗ :
HCp,H(Mn(B),M)→ HC
p,H(B,M). We define a map Tr : Cp,H(B,M)→ Cp,H(Mn(B),M)
(Trϕ)(b0 ⊗m0, · · · , bp ⊗mp) = tr(m0 · · ·mp)ϕ(b0, · · · , bp).
The relation i∗ ◦ Tr = id is easily verified. Although we won’t need it for the construction of cup
products in this paper, we pause to mention that we have now all the tools to prove a Morita
invariance theorem for Hopf-cyclic cohomology theory of any type. For example we have:
Proposition 3.8 (Morita invariance) Let B be a unital left H-comodule algebra and M be an
SAYD module. Then i∗ induces an isomorphism on Hopf-Hochschild and Hopf-cyclic cohomology
of B with coefficients in M .
The following lemma is an adaptation of a lemma of Connes [2] to our context:
Lemma 3.9 Let f : B → B be an H-colinear algebra homomorphism and X an invertible H-
coinvariant element of M2(B) such that
X
[
b 0
0 f(b)
]
X−1 =
[
0 0
0 f(b)
]
for all b ∈ B. Then for any SAYD module M , HCn,H(B,M) = 0 for all n.
Definition 3.10 We say that a Γ-cycle is vanishing if Γ0 satisfies the condition of the above
lemma.
Lemma 3.11 Let ϕ : B⊗(n+1) → M be an H-colinear map. Then ϕ is a coboundary if and only
if ϕ is the character of a vanishing Γ-cycle.
Let C be a left H-module coalgebra and χ ∈ HomH(C, k) be an H-linear convolution in-
vertible functional on C. The co-inner automorphism Adcχ : C → C defined by Adχ(c) =
χ(c(1))c(2)χ−1(c(3)) is H-linear and hence for any n ≥ 0 induces a map
Ad∗χ : HC
n
H(C,M)→ HC
n
H(C,M).
Proposition 3.12 We have Ad∗χ = id.
Lemma 3.13 Let f : C → C be an H-linear coalgebra homomorphism and χ a convolution
invertible H-linear functional on the coalgebra M2(C) such that
χ(
[
c(1) 0
0 f(c(1))
]
)
[
c(2) 0
0 f(c(2))
]
χ−1(
[
c(3) 0
0 f(c(3))
]
) =
[
0 0
0 f(c)
]
,
for all c ∈ C. Then for any SAYD module M and for any n ≥ 0, HCnH(C,M) = 0.
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Definition 3.14 We say that a Θ-cycle (Θ, d, x,H,M) is vanishing if Θ0 satisfies the condition
of Lemma 3.13.
Lemma 3.15 Let y ∈ ZnH(C,M). Then y is a coboundary if and only if y is the character of a
vanishing Θ-cycle.
The notion of vanishing Γ-cycle is defined along parallel lines with analogue of Lemma 3.11 and 3.
15 proved in a similar way.
4 Cup products of the first kind
In this section A is a left H-module algebra and B is a left H-comodule algebra. Let (Ω, d) be
a DG left H-module algebra and (Γ, d) a DG left H-comodule algebra. We define a DG algebra
Ω ⋊H Γ as follows. As a vector space, it is the graded tensor product Ω ⊗ Γ. Its multiplication
and derivation are defined by (ω1 ⊗ γ1)(ω2 ⊗ γ2) := (−1)
deg(ω2)deg(γ1)ω1γ
(−1)
1 (ω2) ⊗ γ
(0)
1 γ2 and
d(ω ⊗ γ) := dω ⊗ γ + (−1)deg(ω)ω ⊗ dγ. Let M be a left-left SAYD module and
∫
: Γ → M,
∫ ′
:
M⊗Ω→ k, be closed graded (M,H)-traces of dimensions p and q on Γ and Ω, respectively. Define
a linear map ∫ ′′
: Ω⋊H Γ→ k,
∫ ′′
(ω ⊗ γ) :=
∫ ′
(
∫
γ)⊗ ω.
Lemma 4.1
∫ ′′
is a closed graded trace of degree p + q on Ω ⋊H Γ. If
∫
(resp.
∫ ′
) defines a
vanishing cycle on B (resp. A), then
∫ ′′
defines a vanishing cycle on A⋊H B.
Let ϕ ∈ Zp,H(B,M), ψ ∈ ZqH(A,M) be cyclic cocycles represented by
∫
on (ΩB, d), and
∫ ′
on
(ΩA, d), respectively. Consider the sequence of maps
Ω(A⋊H B)
i
−→ Ω(A)⋊H Ω(B)
∫
′′
−→ k.
The first map is induced by the natural inclusion A ⋊H B → Ω(A) ⋊H Ω(B). We define the cup
product ϕ#ψ to be the cyclic cocycle represented by the closed graded trace
∫ ′′
◦i. Using Lemma
4.1, we obtain
Theorem 4.2 With A, B, H, and M as above, we have a natural pairing
HC
p
H(A,M)⊗HC
q,H(B,M) −→ HCp+q(A⋊H B).
Example 4.3 Let G be a discrete group acting by unital automorphisms on an algebra A and C =
H = kG. In [11] the Hopf-cyclic cohomology of C is computed in terms of group cohomology with
trivial coefficients: HCqkG(kG, k) = ⊕i≥0H
q−2i(G). The cohomology groups HCpkG(A, k) are easily
seen to be the cohomology of the subcomplex of invariant cyclic cochains onA: ϕ(ga0, ga1, · · · , gap) =
ϕ(a0, a1, · · · , ap), for all g ∈ G and ai ∈ A. Thus we obtain a pairing, first considered by Connes
in [3]:
HC
p
kG(A, k)⊗H
q(G) −→ HCp+q(A⋊G).
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5 Cup products of the second kind
In this section C is a left H-module coalgebra and A is a left H-module algebra. Let (Ω, d) be a DG
left H-module algebra and (Θ, d) be a DG left H-module coalgebra. We define the convolution DG
algebra HomH(Θ,Ω) as follows. As a graded vector space in degree n it has
⊕
i+j=n
HomH(Θi,Ω
j).
One checks that with convolution product f ∗ g(θ) := (−1)deg(g)deg(θ
(1))f(θ(1))g(θ(2)), and differ-
ential df := [d, f ] (graded commutator), HomH(Θ,Ω) is a DG algebra.
Let
∫
be a closed graded (M,H)-trace of degree p on Ω and x a closed graded (M,H)-cotrace
of degree q on Θ. We define a functional
∫ ′
on HomH(Θ,Ω) by
∫ ′
f :=
∫
(idM ⊗ f)(x).
Proposition 5.1
∫ ′
is a closed graded trace of degree p+q on HomH(Θ,Ω). If
∫
(resp. x) defines
a vanishing cycle on A (resp. C), then
∫ ′
defines a vanishing cycle on HomH(C,A).
Now let ϕ ∈ ZpH(C,M) be represented by x and ψ ∈ Z
q
H(A,M) by
∫
. Consider the sequence of
maps
Ω(HomH(C,A))
i
→ HomH(Ω
cC,ΩA)
∫
′
→ k,
where the first map is defined using the universal property of Ω. We let ϕ ∪ ψ to be the character
of the cycle
∫ ′
◦i. Using Proposition 5.1 we obtain
Proposition 5.2 We have a well-defined pairing :
∪ : HCpH(C,M)⊗HC
q
H(A,M)→ HC
p+q(HomH(C,A)).
We say that C acts on A if there is a linear map C ⊗ A → A such that c(ab) = c(1)(a)c(2)(b),
c(1) = ǫ(c)1, and (hc)(a) = h(c(a)), for all c ∈ C a, b ∈ A, h ∈ H. It is clear that the first two
conditions are equivalent to the evaluation map e : A → HomH(C,A), e(a)(c) = c(a), being an
algebra map. We thus obtain a map e∗ : HCn(HomH(C,A)) → HC
n(A). Combined with the
above proposition we obtain:
Theorem 5.3 Assume C acts on A. Then we have a natural pairing
# = e∗ ◦ ∪ : HCpH(C,M) ⊗HC
q
H(A,M)→ HC
p+q(A).
For p = 0 or q = 0 this map was already constructed in [9] and shown to coincide (for C = H ,
q = 0, and M =σkδ) with Connes-Moscovici’s characteristic map [4, 5]. On the other hand, for
C = H and M =σkδ this pairing is constructed in [7], using a different method. For a different
example, let x = m⊗H c0⊗ c1 ∈ Z
1
H(C,M) and φ ∈ Z
1
H(A,M). Then x#φ acts on A
⊗3 as follows:
x#φ(a0 ⊗ a1 ⊗ a2) = φ(m⊗ c
(1)
0 (a0)⊗ c
(2)
0 (a1)c1(a2))− φ(m⊗ c0(a0)c
(1)
1 (a1)⊗ c
(2)
1 (a2)).
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